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A method of nonlinear static and dynamic process modeling via recurrent neural 
networks (RNNs) is studied. An RNN model is a set of coupled nonlinear ordinary 
differential equations in continuous time domain with nonlinear dynamic node 
characteristics as well as both feedforward and feedback connections. For such 
networks, each physical input to a system corresponds to exactly one input to the 
network. The system’s dynamics are captured by the internal structure of the net- 
work. The structure of RNN models may be more natural and attractive than that 
of feedforward neural network models, but computation time for training is longer. 
Our simulation results show that RNNs can learn both steady-state relationships 
andprocess dynamics of continuous and batch, single-input/single-output and multi- 
input/multioutput systems in a simple and direct manner. Training of RNNs shows 
only small degradation in the presence of noise in the training data. Thus, RNNs 
constitute a feasible alternative to layered feedforward backpropagation neural net- 
works in steady-state and dynamic process modeling and model-based control. 

Introduction 
Mathematical models play an important role in control sys- 

tem synthesis. However, due to the inherent nonlinearity, com- 
plexity and uncertainty of chemical processes, it is usually 
difficult to obtain an accurate model for a chemical engineering 
system. 

In recent years, artificial neural networks (ANNs) have been 
used, among others, for process fault diagnosis, modeling, and 
control (Hoskins and Himmelblau, 1988; Ungar et al., 1990; 
Bhat and McAvoy, 1990). ANNs are computational paradigms 
based on the neurophysiology of biological neural systems such 
as the human brain. They can be used to capture certain input- 
output relationships. Major advantages of ANNs include their 
learning ability, parallel processing ability, and noise resistance 
ability. 

A variety of ANN paradigms have been proposed and used 
in recent years (Rumelhart et al., 1986b; Simpson, 1989). How- 
ever, most of the currently used ANNs for process modeling 
are layered feedforward neural networks (FNNs), also called 
multilayer perceptrons with backpropagation learning algo- 
rithms (Rumelhart et al., 1986a). 

In an FNN, basic processing elements (also called nodes, 
neurons) are grouped into several layers: input layer, output 

layer, and hidden layer(s). Nodes in the input layer are merely 
used to scale inputs into the range of zero and one and then 
pass the scaled values to the hidden layer. Each node scales 
one input. Nodes in a hidden or an output layer receive signals 
from all elements in the previous layer. The output layer gives 
the final output values calculated through the network. Figure 
1 shows the topology of a typical three-layer FNN. 

The mathematical description for a node in a hidden or 
output layer is characterized by: 

where y : + ’  is the activity or state of the ith neuron in layer 
( I +  1); A’, is the number of nodes in layer I; 4;’ is the con- 
nection strength or weight from the j th neuron in layer I; e:+’ 
is a threshold value for the node; f is a nonlinear mapping 
function (also called transfer function or squashing function), 
typically a sigmoidal function of the form f ( x )  = (1 + e - ? - ’ .  

Use of feedforward neural networks for dynamic modeling 
has basically relied on a nonlinear autoregressive moving av- 
erage (ARMA) approach. This method requires as inputs to - .  .. 

the network a number of past values for each physical input 
and output of a system, which greatly increase dimensionality Correspondence concerning this article should be addressed to M. Nikolaou. 
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Figure 1. Topology of a three-layer FNN. 

when multivariable systems are involved. The number of past 
input and output values needed for an optimal FNN model 
has to be determined by trial-and-error. FNN models are in 
the discrete time domain with a fixed sampling period. 

In this article, a method of static and dynamic process mod- 
eling via recurrent neural networks (RNNs) is discussed. In a 
recurrent artificial neural network, basic processing units are 
connected arbitrarily so that there are feedforward and feed- 
back paths. Nodes in an RNN are generally classified into three 
categories (instead of layers): input, output, and hidden nodes. 
Input nodes receive external input signals, and output nodes 
send off output signals calculated through the network. Hidden 
nodes neither receive external input signals nor send output 
signals, but rather exchange internal signals with other nodes. 
Processing units in an RNN are usually fully connected: they 
receive output signals from all nodes including themselves. 

RNNs have two salient features that distinguish them from 
feedforward networks. One is their node characteristics, which 
involve nonlinear dynamic functions (ordinary differential 
equations, ODEs). A general form of the node characteristics 
used in this work, which will be discussed in more detail in 
later sections, is given by: 

(2) 
Ti -$ dY- -yi+f , (Xi )  + I i  

where y, is the activity or state of the ith neuron; 

xi= c W$j 

i 
(3) 

is the weighted input of the node; wij is the connection strength 
or weight from the j th neuron; I, is an external input. Figure 
2 gives the structure of a neuron with characteristic Eq. 2. 
Note that the node mapping function of a neuron used in an 
FNN retains only the first two blocks in that figure with fewer 
incoming signals. 

The other major distinction of RNNs is topology (Figure 
3). In RNNs there are both feedforward and feedback con- 
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Figure 2. Typical processing element in a RNN. 

nections, while in FNNs only feedforward paths exist. In this 
aspect, RNNs are more similar to biological neural systems. 

Compared with FNN models, RNNs are characterized by 
sets of coupled nonlinear ODEs. RNNs have internal feedback 
paths that capture a system's dynamics, while there is a one- 
one correspondence between a system's physical inputs and 
RNN inputs. No past input or output values are needed. RNN 
models are in continuous time domain and can be discretized 
easily with different sampling periods. The model structure of 
RNNs is more attractive than that of FNNs. Comparisons of 
RNNs and FNNs in this work show that they have comparable 
modeling capabilities, but training of RNNs takes more com- 
putation time. 

Simulation results show that RNNs can learn steady-state 
relationships as well as process dynamics for both continuous 
and batch, single-input/single-output (SISO) and multiinput/ 
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Figure 3. RNN topology used in simulations. 

Vol. 39, No. 10 1655 



multioutput (MIMO) processes. Simulation results also show 
that the training of RNNs shows only small degradation in the 
presence of noise in training data. Thus, RNNs constitute an 
attractive alternative to layered feedforward backpropagation 
neural networks in dynamic process modeling and model-based 
control. 

In the following sections, more details of RNNs will be 
introduced first, followed by simulation results of static and 
dynamic learning of RNNs on SISO or MIMO, continuous or 
batch systems. The effect of noise in training data will then 
be examined. Comparisons of RNNs with FNNs and locally 
linearized system models are also given. In the last section, 
discussion and conclusions are presented. 

Recurrent Neural Networks 
In this section, more details of recurrent neural networks 

will be given, including the general description of RNNs, the 
learning algorithms for RNNs, and stability of RNNs. The 
topology, node characteristics, and learning laws will also be 
specified for the RNNs used in the simulations in this work. 

Network description 
A recurrent neural network is characterized by a set of cou- 

pled nonlinear ordinary differential equations (ODES). For a 
recurrent neural network with N nodes, the dynamics of the 
ith neuron can be described by the following general equation: 

(4) 

where yi is the activity or state of the ith neuron (node 1 is 
used as a bias node, y I  = 1); 

is the weighted input of the node; wU is the connection strength 
or weight from the j th  neuron (wJ1 is a bias term); Z, is an 
external input (Z, = 0 when the ith node is not an input node); 
and g, is an arbitrary nonlinear mapping function. 

A particular form of Eq. 4, used in the 1960s (Grossberg, 
1988) and studied by Cohen and Grossberg (1983) and Hopfield 
(1984), is: 

where T, is the time constant of the node; f ,  is a differentiable 
mapping function, such as a sigmoidal function. An alternative 
specific description of the node characteristics of RNNs, which 
may be traced back to McCulloch and Pitts (1943) and was 
studied by Amari (1972) and Hopfield (1982), is: 

dY, 
dt 

T, -= -y,+fi(x,)  + I ,  (7) 

Equation 7 can be obtained from Eq. 6 by a simple linear 
transformation when the time constants in both equations are 

unit (see Appendix A). Figure 2 gives the structure of a neuron 
with characteristic Eq. 7. Note that the node mapping function 
of a typical neuron used in a feedforward backpropagation 
network retains only the first two blocks in this figure. 

Learning algorithms for  RNNs 
Learning or training of an RNN is the process to determine 

the numerical values of the connection weights and time con- 
stants such that the network can have desired input-output 
relationship. Every recurrent network can be represented by 
an equivalent feedforward network in discrete time form. Each 
layer in the feedforward network corresponds to a time step 
in the RNN. Thus, the backpropagation learning algorithm 
for feedforward networks can be applied to the training of 
RNNs using the corresponding feedforward description (Ru- 
melhart et al., 1986a; Nowlan, 1988). This method, however, 
needs to store the history of all output states and maintain all 
corresponding sets of weights between every two layers as 
identical. Thus, this method is difficult to use with complex 
RNNs trained over a long time period. To overcome that ob- 
stacle, several researchers have proposed specific learning al- 
gorithms for recurrent neural networks (Almeida, 1987, 1989; 
Piiieda, 1987; Pearlmutter, 1989; Williams and Zipser, 1989; 
Gherrity, 1989; Sato, 1990a,b). 

Piiieda (1987) used the class of RNNs described by Eq. 7 
and the error objective function: 

1 “  
E = -  J: 

, = I  

where Ji = 7, - fi when the ith node is an output node (otherwise, 
J,  = 0); 7, is the target output value; A is the steady-state output 
(fixed point) of the node, supposed to exist. The learning 
algorithm teaches to the RNN the equilibrium points of Eq. 
7. It is an extension of the standard backpropagation algorithm 
and is derived by the gradient descent method according to 
the rule: 

dw, aE 
dl - - 7 w -  3W, 
-- (9) 

where qw is the learning rate for weights and it is a positive 
number. Direct substitution of the derivatives in Eq. 9, based 
on Eqs. 7 and 8, cannot result in a local learning method (that 
is, using only information from the node); therefore, the as- 
sociated dynamic system, 

is introduced, where $ = EIw,,$. This, together with the ob- 
tained learning equation, 

constitutes the algorithm that learns the steady states of Eq. 
7, where uf is the steady-state point of Eq. 10. Note that the 
node output values (yi’s) used in this equation are also steady- 
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state values (of Eq. 7). Also note that the time constants T, 
are not evaluated, since the lefthand side of Eq. 7 is assumed 
to be zero during the learning process. 

Pearlmutter (1989), using the concept of ordered derivative 
(Werbos, 1988), developed a learning algorithm for the class 
of RNNs defined by Eq. 7 based on the minimization of: 

where J I ( t ) = 7 , ( f ) - - y , ( t )  when the ith node belongs to the 
output space (zero otherwise); J , ( t ) ,  7,(f), and y , ( t )  are con- 
tinuous functions of time; to and t, are the integration time 
limits, that is, the time limits of the training data. Obviously, 
t,-to should be large enough to capture the dynamics of a 
system. Using Eq. 9 along with learning laws: 

for the weights and time constants, an RNN can be trained to 
simulate a desired trajectory. 

Derivation of Eq. 13 based on Eq. 12 results in the following 
learning laws, at epoch p :  

where qT is the learning rate for time constants; zi is defined 
by the equation: 

1 
2,- c -&'(xj)wjgj+Ji,  i=  1 . . . N (16) dz; 1 -=_ 

dt T, 

with boundary conditions zi(tr)  = 0, for i = 1 . . . N .  
Almeida's learning algorithm (1987, 1989) is developed for 

static training. Gherrity (1989) derived a learning algorithm 
for the RNNs of the general form defined by Eq. 4. Sato's 
learning algorithms (1990a,b) are derived based on the La- 
grange multiplier for the network described by Eq. 6. Williams 
and Zipser (1989) developed an on-line learning algorithm. 

Stability 
Since an RNN is described by a set of nonlinear ODES, 

stability of a given RNN with certain weights and time con- 
stants may, in principle, arise. We denote this stability as RNN 
stability. The stability of the modified backpropagation al- 
gorithm, which produces the values of RNN parameters, is 
referred to as BP stability. BP stability problems can usually 
be circumvented, as for the feedforward networks, by exper- 
imenting with appropriate values of learning parameters, that 
is, the learning rates and momentum factors for weights and 
time constants, qw,  q n  a,,,, aT. For example, smaller learning 
rates will facilitate a BP stability problem. 

With regard to RNN stability, when W= t w o )  and is lower 

triangular, the recurrent networks represented by Eq. 6 or 7 
are equivalent to feedforward networks; thus, they are stable. 
If W is symmetric, the networks are also stable when mono- 
tonically nondecreasing f,, such as a sigmoidal function, are 
used (Cohen and Grossberg, 1983; Hopfield, 1984). In other 
cases, stability of an RNN is not guaranteed, although local 
RNN stability can be examined by eigenvalue analysis (Al- 
meida, 1989; Simard et al., 1989), that is, locally linearize the 
nonlinear RNN model around a set of steady-state values to 
check the stability of the model at this steady state (using linear 
systems theory). RNN stability was not a problem in our sim- 
ulations. Similar experience has also been reported by other 
investigators (Piiieda, 1987; Almeida, 1989; Simard et al., 1989; 
Hopfield, 1991). 

RNN topology used in the simulations 
The topology of the RNNs used in the following simulations 

is determined by the number of input nodes, hidden nodes, 
and output nodes. The number of input nodes depends on that 
of inputs of the system to be modeled. Input nodes only receive 
scaled input signals. All hidden nodes are fully connected. The 
output nodes, their number being equal to that of outputs of 
the system, are also fully connected. Additionally, a bias node 
with constant unit output is used to provide a bias term for 
each of the other nodes except for the input nodes. A typical 
RNN with r inputs and m outputs is shown in Figure 3. 

The node characteristics used in this work are described by 
Eq. 7. The differentiable transfer function f, is the sigmoidal 
function, fi(xi) = (1 + e-'i)-'. 

The training algorithm used for static training is described 
by Eqs. 7, 10 and 11. For dynamic training Eqs. 7, 14, 15 and 
16 are used. To implement the learning algorithms, we use 
first-order difference equations to approximate the corre- 
sponding differential equations. This approximation results in 
a set of difference equations which need to be solved during 
learning. For example, Eq. 7 can be written as: 

where At is the time step. More details will be given in the 
following sections. 

Static Learning of RNNs 
Fixed point learning of RNNs is examined using difference 

approximation of the learning algorithm defined by Eqs. 7 ,  
10 and 11, with At = 1. (All dynamic learning algorithms can 
be used for static learning. For simplicity, we use the algorithm 
developed specifically for steady-state learning.) To accelerate 
the convergence of the learning process and smooth the changes 
of weights and time constants, we added the momentum term 
ar,,,Aw,(p- 1)tothedifferenceformofEq. ll,whereO<a,< 1 
is the momentum factor for weights. Note that the y,'s and 
ui)s used in Eq. 11 are all steady-state values. 

During the learning process, the fixed points of the network 
are calculated first by Eq. 7. Then, the steady-state values of 
ui are determined by Eq. 10 using the fixed points of the nodes. 
The difference form of Eq. 11 is then used to adjust the weights 
of the network. Initial values of Ware set as random numbers 
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with uniform distribution in [ - 1, 11. The initial neuron states, 
yi’s, are selected as the initial external input values plus J(0) 
(=0.5). 

The selection of the number of hidden nodes in our simu- 
lations was conducted by trial-and-error. In general, more 
hidden nodes result in better fitting of the training data. This, 
however, requires more computational effort, and overfitting 
of training data may deteriorate a model’s predictive ability. 
Thus, tradeoffs are needed among the goodness of data fitting, 
predictive ability, and computational effort. 

In our simulations, the number of hidden nodes were de- 
termined as follows: 

1. Start with zero hidden node. 
2. Train the network, that is, determine values for connec- 

tion weights and time constants to minimize the objective func- 
tion (adjustment of learning parameters may be necessary). 

3 .  Check the “optimal” fitting of the RNN outputs (ob- 
tained in step 2) according to the coefficient of determination. 
Test the RNN model with novel data (not included in the 
training), by using the coefficient of determination. If the result 
is not acceptable, adjust the number of hidden nodes and go 
to step 2, that is, increase the number of hidden nodes until 
little improvement can be achieved. 

4. stop. 

To evade instability problems during training in step 2 of 
the above procedure, we preset a maximum number of epochs 
(presentations of training examples to the network) and use 
different values for the learning parameters to train the net- 
work. During training (step 2), the best values for connection 
weights and time constants are determined by comparing the 
sum of square errors (SSE) between the desired outputs and 
the RNN outputs at each epoch. Best values are obtained either 
at the last epoch (when training converges) or at a previous 
epoch (when training diverges after going through a minimum). 

All simulation programs were written in FORTRAN and 
ran on a SPARC station 1. 

SISO system at steady state 
The process employed to study the static modeling ability 

of RNNs is the pH CSTR system (Figure 4) used by Bhat and 
McAvoy (1990) (see Appendix B). 

The training data used here are the steady-state relationships 
of F2 and pH,  which can be obtained by solving the steady- 
state form of Eqs. B1 and B2 in Appendix B. A set of 20 input- 
output pairs are used in the training database. 

An RNN with two fully connected hidden nodes, one bias 
node, one input node, and one fully connected output node 
is used in learning the steady-state relationship described above. 
The weights of the network were obtained within 2,000 epochs 
with q w = O . l  and (r,=0.8. The RNN output for this static 
relationship, along with the desired output, is given in Figure 
5.  

To measure the goodness of the fitting, the coefficient of 
determination, denoted by R2, is used, which, for the ith out- 
put, is defined by (Milton and Arnold, 1990): 

R f  = ( 1 - SSEi/S77;) x 100% (18) 

where 

Lt p +-- H A c  

. . . . . . . . .  I 

. . . . . . . . . r F1’ F2 

Figure 4. pH CSTR system. 

and 
Nd 

S77,= 2 [7 , (k)  -7 , (k)I2  
k =  I 

7, is the mean values of 7 i ( k ) ;  Nd is the number of data. 
The coefficient of determination for this simulation is 99.65. 

Dynamic Learning of RNNs 
In this section, dynamic learning of RNNs is discussed. After 

an introduction of the general learning procedure, simulation 
results on a SISO pH CSTR system, a MIMO nonisothermal 
CSTR system, as well as initial condition modeling of a MIMO 
batch biochemical system, will be given. 

Dynamic training of RNNs was conducted with the differ- 
ence forms of the learning algorithms defined by Eqs. 7, 14, 

I I 00 

10 00 

1 
00 

Figure 5. Desired (-) and RNN (- - -)outputs for steady. 
state relationship of pH CSTR. 

1658 October 1993 Vol. 39, No. 10 AIChE Journal 



15 and 16. To accelerate the convergence of the learning process 
and smooth the changes of weights and time constants, we 
added the momentum terms a&w,,(p- 1) and aAT, (p -  1 )  
to Eqs. 14 and 15, respectively, where O<aT, a,< 1 .  

The initial values of W were assigned to uniformly distrib- 
uted random numbers in [ - 1 ,  11. The initial values of the time 
constants were set equal to one. The initial neuron states, y,'s, 
depend on the initial values of training data. 

Direct application of the learning law, as used in the sim- 
ulations in this work, involves forward integration of yt's from 
to to t, and backward integration of 2,'s from t, to to with the 
initial condition z, ( ff) = 0, while corresponding changes on the 
weights and time constants are made according to Eqs. 14 and 
15. 

The training input data used for the systems under consid- 
eration are generated by adding periodic pseudorandom num- 
ber sequence (PRNS) signals to the steady-state input values 
of the systems. The maximal magnitudes of the PRNS signals 
were selected to be large enough to force outputs to vary in 
value ranges of interest. 

Note that the direct method requires storage of the forward 
integration results of y ,  andJ'(x,). Also the learning cannot be 
conducted in real-time fashion. However, the backward in- 
tegration of z ,  can be avoided. Pearlmutter (1989) used guessing 
of the initial value of z,(to), so that both Eqs. 7 and 16 can be 
integrated forward from to to t,. The point behind this ap- 
proximation is that the changing of weights is slow during 
training. Thus, if we divide the time period [to, t,] into some 
small intervals and use a small learning rate and momentum 
factor, the error of the initial guess will have little effect on 
the learning. A similar argument also applies to backpropa- 
gation for feedforward networks and to other learning algo- 
rithms for RNNs (Williams and Zipser, 1989; Sato, 1990b). 
Thus, with an appropriate initial guess of z,, the dynamic 
learning of RNNs can be conducted in a real-time manner. 

SISO continuous systems 
The pH CSTR of Figure 4 is used as an example of dynamic 

learning for SISO continuous systems. The input and output 
data for dynamic training of this system were generated by 
adding 2% PRNS signals to the steady-state input. Each period 
of the data contains 1,OOO data pairs; the sampling period is 
0.4 min. The RNN used for this simulation contains three fully 
connected hidden nodes and one fully connected output node. 
The weights in the RNN model were obtained within 1,OOO 
epochs with the learning parameters qw=0.02, qr=O.OOol, 
a, = aT= 0.7. A lower bound of time constants is used in this 
simulation. 

After training, the RNN output corresponding to the training 
input and the desired output are shown in Figure 6. The coef- 
ficient of determination for the RNN output is R2 = 94.80. A 
different PRNS input signal (from the training PRNS input 
signal) was used to test the predictive ability of the RNN model. 
The results are given in Figure 7. The coefficient of determi- 
nation for the prediction is R2=95.58. 

MIMO continuous systems 
The extension of use of RNNs in modeling continuous MIMO 

systems is straightforward. As an example, a nonisothermal 
CSTR (Figure 8) with a first-order reaction, A - B ,  is consid- 

4130 00 

Figure 6. Desired (-) and RNN (- - -) outputs after com- 
pletion of dynamic training for the pH CSTR 
system. 

ered (see Appendix C). The variables u,  F,, C,,, and T, are 
considered as the inputs of the system, while L ,  C,, and Tare 
the outputs. 

The training data are generated by adding 3% PRNS signals 
to the steady-state input values (0.3 for u). The sampling period 
used here is 0.2 h. The training database has 1,000 input and 
output data pairs. 

An RNN with 12 nodes is used for the modeling of this 
CSTR. There are four input nodes, three output nodes, one 
bias node, and eight hidden nodes. RNN parameters were 
obtained within 3,000 epochs. The learning parameters are 
q w = O . O 1 ,  qj-=O.OOl, anda,=ar=0.7.  Alower boundof time 
constants is also used in this simulation. After training, the 
RNN output data of L ,  CA and T based on the corresponding 
training inputs are given in Figure 9. The coefficients of de- 
termination for the three outputs are 98.90,97.54, and 98.61, 
respectively. 

A series of two alternating pulses for the input u (Figure 
1Oa) of magnitude of 0.25 is used to test the predictive ability 
of the RNN model (other inputs are held at their corresponding 
steady-state values). The RNN prediction on the responses of 
L ,  CA and T is given in Figure 10, along with the desired 

c L. 

Figure 7. Desired output (-) and RNN prediction (- - -) 
corresponding to test input for pH CSTR. 
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Figure 8. Nonisothermal CSTR. 

responses. The coefficients of determination for the three out- 
puts are 99.85, 98.39, and 98.26, respectively. Here, the coef- 
ficient of determination for level is calculated by adding 1% 
normally distributed white noise to  the steady-state value. 

Other tests, such as simultaneous pulse changes for different 
combinations among inputs, also showed good agreement. 
Thus, we conclude that the RNN model can successfully char- 
acterize the dynamics of this CSTR within the range of con- 
sidered inputs. 

To provide an idea about the impact of the number of hidden 
nodes, some simulation results using a different number of 
hidden nodes are given in Table 1, in terms of the value of 
the coefficients of determination for the fitting of training 
outputs. The corresponding values of the coefficients of de- 
termination for the test data (see Figure 10a) are given in Table 
2. 

Table 1 also gives a list of computation times when different 
numbers of hidden nodes are used. 

MZMO batch systems 
The output trajectories of a batch process are determined 

solely by their initial values. To model such a system, we need 
several training trajectories starting from different initial con- 
ditions. The objective is, then, to  minimize: 

E = T  l M  {'J&,,(t)dt 

m = I  i = l  10 

where M is the total number o f  training trajectories; 
J , , m ( t ) = 7 , , , ( t ) - - , , , ( t )  when ith node is an output. 

The difference between the training for batch processes and 
training for continuous ones is that the inputs are used only 
to  initialize the RNN model, that is, solve the steady-state form 
of Eq. 7 for fl. After initialization, there are no more external 
inputs to  the RNN. 

The batch process under consideration is a biochemical model 
developed by Bree et al. (1988) for hybridoma cell growth and 

I .: .! 

: 
! 

I 

570 00 

560 00 

550 00 
7 

5. 
- 

540 00 

530 00 

0 00 50 00 :oo 00 150 00 200 00 
Tirne (hr) 

9c. Temperature 

Figure 9. Desired (-) and RNN (- - -) outputs after com- 
pletion of dynamic training for nonisothermal 
CSTR. 

the production of immunoglobulins (ZgG) for a murine hy- 
bridoma cell line (see Appendix D). 

Seven inputs of this system are the initial values of the 
variables, Vc(O), G(O), Glu(O), Am(O), La(O), ZgG(O), and 
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Figure 10. Desired output (-) and RNN prediction (- - -) corresponding to test input for nonisothermal CSTR. 

EIgG(0). Seven outputs are the trajectories for X ,  G, Glu, Am, 
La, EIgG, and percent viability (=  V d X )  (see Eqs. Dl to D8). 

The initial values used for generating training data for the 
RNN model are obtained by adding 2% PRNS signals to each 
input's normal value, with the initial values of EIgG and IgG Nodes' L** T C,  L** T c, L** T c, 
kept at zero. Ten different sets of output trajectories (with 
different initial conditions) are generated as the training data. 
The sampling period is 0.2 d. 

An RNN with seven input nodes, seven output nodes, and 

used in this simulation. The results are obtained within 2,500 
epochs with ~ , = 0 . 0 2 ,  ~ r = O . O O O 1 ,  and aW=aT=O.7. The val- 

Table 2. Coefficients of Determination (p) for Testing MIMO 
CSTR Model' 

No. of Run 1 Run 2 
Hidden 

0 (8) 96.07 94.18 87.28 98.04 92.23 90.32 95.12 93.81 91.58 
(9) 95.28 93.52 94.18 97.92 96.81 97.00 94.10 95.89 96.20 

2 (10) 99.11 96.89 98.31 97.52 97.00 99.36 97.58 96.40 98.85 
3 (11) 92.06 92.89 95.62 98.91 95.04 98.09 99.16 96.00 98.74 
4 (12) 

'Total number of nodes given in parentheses. 
.* Calculated by adding 1% white noise to the steady-state value. 

Run 3 

one bias node is used for this simulation. No hidden node is 94.55 96.92 98.02 98.14 96.22 98-02 99.34 94.82 98.93 

Table 1. Coefficients of Determination (p) for Training of MIMO CSTR* 

No. of No. of Compt. Run 1 Run 2 Run 3 
Hidden No. of Time Time 

Nodes" Wt. Consts. (h) NI? L T CA NE L T CA NE L T C A  

0 (8) 24 7 1.05 1,440 88.66 92.22 93.22 1,555 88.38 93.83 94.05 1,621 89.12 94.89 93.75 
1 (9) 36 8 1.49 1,898 91.82 94.41 95.65 3,997 93.31 95.41 97.34 2,952 93.35 94.67 96.83 
2 (10) 50 9 2.03 4,000 92.21 95.66 96.65 4,000 95.92 95.51 96.56 4,000 95.16 94.47 97.79 
3 (11) 66 10 2.41 2,075 95.55 94.03 96.18 3,998 97.46 95.13 97.35 3,557 96.30 95.19 97.05 
4 (12) 84 11 2.90 3,984 94.99 95.85 97.26 3,776 95.83 95.05 96.50 3,984 94.92 95.44 96.81 

'a,=0.03, qw=0.7;  rrT=O.ooO1, qT=O.7;  maximum epoch: 4,000 
Total number of nodes given in parentheses. 

'Number of epoch at which the results attained. 

*. 
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ues of the coefficient of determination for the seven outputs 
are 99.95, 99.87, 99.62, 99.97, 99.45, 99.96, and 99.98. 

The RNN prediction on a new set of initial conditions (other 
than those in the training database) is given in Figure 11. The 
values of the coefficient of determination for the seven pre- 
dictions are 99.57,98.43,99.18,99.07,99.27,99.49, and 98.92. 
The test initial conditions are also PRNS signals of the same 
order as in the training data. These figures show that the RNN 
model can predict the output trajectories very well, even when 
the initial conditions are not in the training database (but within 
the range of the training data). 

Learning with Noisy Data 
Training RNNs with noisy data is examined on the non- 

isothermal CSTR system. The noisy training data are generated 
by adding independent, normally distributed noise to the pure 
training data used in the previous section. The standard de- 
viations for the inputs and outputs are 5% of the corresponding 
variable's range of interest, which approximately equal the 
range of the vertical axes in the figures for corresponding 
variables. 

An RNN with four input nodes, three output nodes, and 
four hidden nodes was used. After 3,000 of epochs, converged 
R"'s output trajectories are shown in Figure 12. The Cod- 

ficients of determination for the outputs L,  C,, and T, are 
97.49, 96.32, and 97.64, respectively (compared with the pure 
outputs while noisy inputs are used). These figures show that, 
in spite of the presence of noise in the training data, the RNN 
predictions match the desired values well, albeit with higher 
error. Responses of the RNN model to pulse changes on u 
(Figure 10a) are given in Figure 13. The coefficients of deter- 
mination for the predictions of L, C,, and T,  are 98.03,97.31, 
and 98.38. Agreement has deteriorated, but may still be deemed 
acceptable. 

From this simulation, we see that noise in training data has 
an aggravating, but not catastrophic, effect on RNN's pre- 
dictive ability. Note also that no prefiltering of the noisy data 
was used here. Data smoothing could be used for improved 
results. 

The computational effort for training with noisy data is the 
same as for training with pure data. 

Comparison with Other Methods 
In this section, RNNs are compared with locally linearized 

models and backpropagation feedforward network models. 
The system to be modeled is the same MIMO CSTR used in 
previous sections. The same training data and testing data are 
used here for comparison of RNNs and backpropagation net- 
works. 
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In the backpropagation network (Rumelhart et al., 1986), 
one past and the current input and output values are used, 
which, in addition to a bias node, give 15 input nodes. Six 
hidden nodes were used (including one as a bias node), thus 
resulting in a total of 93 connection weights. The RNN model 
has four hidden nodes (12 nodes in total). 

The results for training and testing with pure data for back- 
propagation network models and RNN models are given in 
Table 3. Table 4 gives the corresponding results for the two 
methods when noisy data are used for training. 

The locally linearized model was derived from Eqs. Cl-C3. 
Step responses to u = 0.25 for the real CSTR, the RNN model, 
and the linearized model are given in Figure 14. 

Discussion and Conclusions 
Recurrent neural networks have two salient features that 

Table 3. Comparison of R2 for FNN and RNN Models 

No. Compt Training Testing 
of Time 

Method params (h) L T C A  L’ T CA 

FNN 98 0.49 99.19 98.47 98.48 99.29 98.73 96.62 
RNN 84+11 2.10 98.90 97.54 98.61 99.85 98.39 98.26 

distinguish them from feedforward neural networks. One is 
their node characteristics, which involve nonlinear dynamic 
functions (ordinary differential equations), while FNNs have 
only static nonlinear node characteristics. The other major 
distinction is topology. In RNNs there are both feedforward 
and feedback connections, while in FNNs there are only feed- 
forward paths. 

Compared to FNN models, RNN models require knowledge 
only of the current value u (  k) for a given input u,  as opposed 
to a number of past values u ( k -  l), . . . , u ( k - m )  that feed- 
forward networks require. This drastically decreases the di- 
mensionality of the input space, especially for multivariable 
cases. It also eliminates the trial-and-error process for deter- 
mining the “optimal” number of past input or output values 
to be used. Moreover, an RNN model is a set of coupled ODES 
in continuous time domain and can be discretized with different 

Table 4. Comparison of R2 Using Noisy Data 

No. Compt. Training Testing 
of time 

Method params (h) L T C, L’ T C, 

FNN 93 0.49 97.02 97.53 97.91 99.19 99.39 91.11 
RNN 84+11 2.10 97.49 96.32 97.64 98.03 97.31 98.38 

*Calculated by adding 1% white noise to the steady state. *Calculated by adding I %  white noise to the steady state. 
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Figure 12. Desired (-)and RNN (- - -)outputs after com- 
pletion of dynamic training with noisy data. 

sampling period. FNN models are discrete version with fixed 
sampling period. Thus, the structure of RNN models is more 
natural and attractive than that of FNNs. Comparisons of 
RNNs, locally linearized linear models, and feedforward neural 
networks have also been conducted. The modeling capabilities 
of RNNs and FNNs are comparable, but the training of RNNs 
takes longer time. 
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56000 4 
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)O 

Figure 13. Desired output (-) and RNN prediction (--) 
corresponding to test input for nonisother. 
ma1 CSTR. 

Simulation results in this work show that RNNs can learn 
both steady-state relationships and process dynamics of con- 
tinuous and batch, SISO and MIMO systems in a simple and 
direct manner. The dynamic modeling capability of RNNs 
(including learning from noisy data) can be used for dynamic 
process simulation and control. 
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14c. Temperature 
Figure 14. Step responses of the locally linearized model 

(- - -), RNN model (- - - -), and exact model 
(- ) of MlMO CSTR. 

Notation 
A = cross area of reactor, reactant 

[AC-] = concentration of acetate ion 
Am = concentration of ammonia 

B = product 

cp = 
c, = 
c, = 
CA = 

cA, = 
E =  
E =  

EIgG = 

f =  
f ; =  
F, = 
F, = 
F, = 
G =  

Glu = 
[H'] = 

[HAC] = 
AHR = 
IgG = 

I,  = 
.I, = 
k =  

ko = 
K =  

K ,  = 
K ,  = 
L =  

La = 
M =  
N =  

Nd = 
N, = 

"a'] = 
[OH-] = 

P =  

R =  
R2 = 

srr = 
I =  

t" = 
t, = 

At = 
T =  
7, = 

A T P ( p )  = 

u, = 

v =  
vc = 

W,J = 
A w , ~  = 
w =  
x =  
Y =  
z =  

Q =  

u =  

u =  

x =  

specific heat 
concentration of acetic acid 
concentration of NaOH 
concentration of A in reactor 
concentration of A in inlet stream 
activation energy 
objective function 
extracellular concentration of immunoglobulins 
transfer function of a neuron 
transfer function of a neuron 
flow rate of acetic acid 
flow rate of NaOH 
inlet flow rate of CSTR 
concentration of glucose 
concentration of glutamine 
concentration of hydrogen ion 
concentration of acetic acid 
reaction heat 
intracellular concentration of immunoglobulins 
external inputs of RNNs 
error in output nodes 
sampling point, discrete time 
reaction rate constant 
constant (see Table 6 )  
acetic acid equilibrium constant ( 1 . 8 ~  
water equilibrium constant (10-I4) 
level 
concentration of lactate 
number of trajectories 
total number of nodes in a RNN 
number of data 
number of nodes in layer I 
concentration of sodium ion 
concentration of hydroxyl 
epoch number 
heat removed from the CSTR 
gas constant 
coefficient of determination 
see Eq. 20 
time 
lower integration limit 
upper integration limit 
difference time step 
reactor temperature 
temperature of inlet stream, time constant of a neuron 
change of time constant 
(Q- Qs) /Qs, manipulated variable 
state of an associated system for static learning 
input variable 
effective reactor volume 
viable cell count 
weights 
change of weights 

weighted input of a neuron 
total cell count 
output of a neuron 
state of an associated system for dynamic learning 

( w , l  

Greek letters 
aT = momentum factor for time constants 
a ,  = momentum factor for weights 

qT = learning rate for time constants 
q w  = learning rate for weights 
0, = threshold value for the ith node 

F ,  = specific growth rate of the viable cell 

p = density 
r, = target, desired value 
7, = mean value of T ,  

S 2 ,  = specific death rate of viable cells 

.r = "a'! 

= [HAC]+[AC-] 
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Superscripts 
’ = derivative 
s = steady state 
I = layer number in FNNs 
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Appendix A: Equivalence of Eqs. 6 and 7 
When time constants, T,, are equal to 1, Eq. 6 can be ob- 

tained by a linear transformation from Eq. 7 .  Define the linear 
transformation 

N 

in Eq. 7. Then, take derivative of Eq. A1 to obtain: 

Next, substitute Eq. 7 (note that T,= 1) into Eq. A2 to get: 

N / N 

.w N 

After defining a new input I; as I ,  = C;”= IwoIJ and changing the 
variable x, to yi in Eq. A3, we immediately obtain Eq. 6 .  

Appendix B: pH CSTR System 
The pH CSTR system (Figure 4) used by Bhat and McAvoy 

(1990) has two inlet flows: one containing acetic acid (Fl), the 
other containing sodium hydroxide (F2). The dynamics of the 
system is determined by the balances on [HAC]+[AC-](() 
and “a+](() (Bhat and McAvoy, 1990): 

and the auxiliary equations: 

K,=  [H’][OH-] 

l+ [H’] = [OH-] + [AC-] 

where K ,  and K ,  are equilibrium constants. The values of the 
parameters and steady-state input and output values are shown 
in Table 5 (Bhat and McAvoy, 1990). 
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Table 5. Parameter and Steady-State Values for thepHCSTR 
System 

Table 8. Parameter Values for the Biochemical System 

Parameter Value Unit 
V (1) C, (molll) C2 (mol/l) Fl (l/min) F2 (Vmin) p H  

day-' 
mM glucose/day/viable cells mL 
mM glutamine 
mM ammonia 
mM lactate 

3.0 
1.25 x lo-* 
0.8 
1.05 
8.0 

1.44 
15.0 

0.01 

5 . o ~  

LOX lo7 

1,OOO 0.3178 0.05 81 515 9 

Table 6. Parameter Values for the CSTR System mM glutamine 
mM ammonia 
mM lactate 
total number of cells/mL 
mM nlutamine 

A (m2) K (m5'2/h) ko (I/h) E/R (K) 

1 .Ooo 0.9715 7 . 0 8 0 ~  lo7 8,375 

AHR (J/mol) cp (J/kg.K) p (kg/m') Q (J/h) kd 2.0 day-' 
k P  1.5 x mg IgG/viable cells/day 
k* 0.8 day-' 
YG 2.9 x lo5 total cells/mL/mM glucose 
ye,  9.434 x 10' total cells/mL/mM glutamine 

YP 1 9 0 0  mg IgG/mL/mM glutamine 
YA, 2.1937 mM ammonia/mM glutamine 
YA 1.5 mM glutamine/mM ammonia 
YL 3.00 mM glucose/mM lactate 

- 69,175 3,140 800.8 1.055 x 10' 

Table 7. Steady-State Input and Output Values for the CSTR 
System 

U F, (m3/h) CA, (mol/m3) T, (K) 

0.OOO 1.133 8,008 373.3 

p,Vc-mVc 
dG 1 _- - -- 
dt YG I .360 393.3 546.7 

Appendix C: Nonisothermal CSTR System 
The nonisothermal CSTR system used in this work is char- 

acterized by the following dynamic equations (see, for example, 
Stephanopoulos, 1984; Luyben, 1990): 

dAm 1 dGIu -- 
dt YA dt 

dLa 1 dG 
dt YL dt 
-- - 

-- drgG ( ) (L) (D7) 
dt -"" KGp+Glu K,,+X 

dEIgG 
dt 

-- -k,(IgG-E&G) 

where V=AL is the volume of the CSTR. The values of the 
parameters used in the model are shown in Table 6. The steady- 
state input values and the resulting steady-state output values 
are given in Table 7.  

where 

is the specific growth rate of the viable cells and Appendix D: Biochemical Batch System 
The dynamics of the biochemical batch process is described 

by the following equations: 

is the specific death rate of the viable cells. The parameter 
values used in these equations are shown in Table 8 (Bree et 
al., 1988). 

dX 
-=p1Vc 
dt Manuscript received Nov. 2s. 1992, and revision received Mar. 3, 1993. 
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